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Abstract: A controlled magnetic Hamiltonian (CMH) system is a regular controlled Hamil-
tonian (RCH) system with magnetic symplectic form, it is an important special case of RCH
system. Note that there is a magnetic term on the cotangent bundle of the Heisenberg group,
such that we can define a CMH system with symmetry of the Heisenberg group. Since the set
of the CMH systems with symmetries is a subset of the RCH systems with symmetries, and
it is not complete under the regular point reduction of RCH system, in this paper, then we
give the regular point reduction of a CMH system with symmetry of the Heisenberg group, and
discuss the M-CH-equivalence and MR-CH-equivalence, and prove the regular point reduction
theorem for such CMH system. In particular, we deduce the regular point reduced CMH system
on the generalization of coadjoint orbit of the Heisenberg group by calculation in detail. As an
application, we consider the motion of the Heisenberg particle in a magnetic field.
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1 Introduction
The reduction theory is an important subject and it is widely studied in the theory of mathe-
matics and mechanics, as well as applications. In particular, the reduction theory for mechanical
system with symmetry has its origin in the classical work of Euler, Lagrange, Hamilton, Jacobi,
Routh, Liouville and Poincare´, and its modern geometric formulation in the general context of
symplectic manifolds and equivariant momentum maps is developed by Meyer, Marsden and
Weinstein; see Abraham and Marsden [1] or Marsden and Weinstein [12] and Meyer [13]. The
main goal of reduction theory in mechanics is to use conservation laws and the associated sym-
metries to reduce the number of dimensions of a mechanical system required to be described.
So, such reduction theory is regarded as a useful tool for simplifying and studying concrete
mechanical systems, and great developments have been obtained around the Marsden-Weinstein
reduction in the theoretical study and applications of mathematics, mechanics and physics. Also
see Abraham et al. [2], Arnold [3], Libermann and Marle [5], Marsden [6], Marsden et al. [7],
Marsden and Ratiu [10] and Ortega and Ratiu [15] for more details.
The reduction theory of a Hamiltonian system with symmetry on the cotangent bundle of
a configuration manifold is a very important special case of general reduction theory. We first
give a precise analysis for the geometrical structure of Marsden-Weinstein symplectic reduced
space of a Hamiltonian system with symmetry on a cotangent bundle.
Let Q be a smooth manifold and TQ the tangent bundle, T ∗Q the cotangent bundle with a
canonical symplectic form ω. Assume that Φ : G×Q→ Q is a left smooth action of a Lie group
G on the manifold Q. The cotangent lift is the action of G on T ∗Q, ΦT
∗
: G × T ∗Q → T ∗Q
given by g ·αq = (TΦg−1)
∗ ·αq, ∀ αq ∈ T
∗
qQ, q ∈ Q. The cotangent lift of any proper (resp. free)
G-action is proper (resp. free). Assume that the cotangent lift action is symplectic with respect
to the canonical symplectic form ω, and has an Ad∗-equivariant momentum map J : T ∗Q→ g∗
given by < J(αq), ξ >= αq(ξQ(q)), where ξ ∈ g, ξQ(q) is the value of the infinitesimal generator
ξQ of the G-action at q ∈ Q, <,>: g
∗ × g → R is the duality pairing between the dual g∗ and
g. If µ ∈ g∗ is a regular value of the momentum map J, and Gµ = {g ∈ G|Ad
∗
g µ = µ} is
the isotropy subgroup of the coadjoint G-action at the point µ. From the Marsden-Weinstein
reduction, we know that the reduced space ((T ∗Q)µ = J
−1(µ)/Gµ, ωµ) is a symplectic manifold
with the reduced symplectic form ωµ given by pi
∗
µωµ = i
∗
µω, see Abraham and Marsden [1] or
Marsden and Weinstein [12].
Moreover, from Marsden et al. [7] and Marsden and Perlmutter [9], we know that the classi-
fication of symplectic reduced space of a Hamiltonian system with symmetry on the cotangent
bundle T ∗Q as follows. (1) If µ = 0, the symplectic reduced space of cotangent bundle T ∗Q
at µ = 0 is given by ((T ∗Q)µ, ωµ) = (T
∗(Q/G), ω0), where ω0 is the canonical symplectic form
of cotangent bundle T ∗(Q/G). Thus, the symplectic reduced space ((T ∗Q)µ, ωµ) at µ = 0 is
a symplectic vector bundle. (2) If µ 6= 0, and G is Abelian, then Gµ = G, in this case the
Marsden-Weinstein symplectic reduced space ((T ∗Q)µ, ωµ) is symplectically diffeomorphic to
symplectic vector bundle (T ∗(Q/G), ω0 − Bµ), where Bµ is a magnetic term. (3) If µ 6= 0, and
G is not Abelian and Gµ 6= G, in this case the Marsden-Weinstein symplectic reduced space
((T ∗Q)µ, ωµ) is symplectically diffeomorphic to a symplectic fiber bundle over T
∗(Q/Gµ) with
fiber to be the coadjoint orbit Oµ, see the cotangent bundle reduction theorem—bundle version
in Marsden et al. [7], also see Marsden and Perlmutter [9].
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Thus, from the above discussion, we know that the symplectic reduced space on a cotangent
bundle may not be a cotangent bundle. Therefore, the symplectic reduced system of a Hamil-
tonian system with symmetry defined on the cotangent bundle T ∗Q may not be a Hamiltonian
system on a cotangent bundle, that is, the set of Hamiltonian systems with symmetries on the
cotangent bundle is not complete under the Marsden-Weinstein reduction.
On the other hand, in mechanics, the phase space of a Hamiltonian system is very often
the cotangent bundle T ∗Q of a configuration manifold Q. Therefore, it is a serious problem
that the Marsden-Weinstein reduction is not complete. For example, if we define directly a con-
trolled Hamiltonian system with symmetry on a cotangent bundle, then it is possible that the
Marsden-Weinstein reduced system may not have definition. Recently, in Marsden et al. [11], the
authors set up the regular reduction theory of regular controlled Hamiltonian (RCH) systems
on a symplectic fiber bundle, by using momentum map and the associated reduced symplectic
forms and from the viewpoint of completeness of Marsden-Weinstein symplectic reduction. In
particular, the authors introduce the notions of CH-equivalence, RpCH-equivalence and RoCH-
equivalence to emphasize explicitly the impact of external force and control in the study of RCH
systems. The research work in Marsden et al. [11] is very important, and there are some gener-
alizations around the work to have been done, see Wang and Zhang [22], Ratiu and Wang [16]
for more details. In addition, as the applications, we also study the underwater vehicle-rotors
system and rigid spacecraft-rotors system, as well as Hamilton-Jacobi theory for the RCH sys-
tem with symmetry, which show the effect on regular symplectic reduction of RCH system. See
Wang [17, 19–21] for more details. These research works not only gave a variety of reduction
methods for controlled Hamiltonian systems, but also showed a variety of relationships of the
controlled Hamiltonian equivalences of these systems.
The theory of controlled mechanical systems is a very important subject, following the the-
oretical development of geometric mechanics, a lot of important problems about this subject
are being explored and studied. We know that it is not easy to give the precise analysis of
geometrical and topological structures of the phase spaces and the reduced phase spaces of var-
ious Hamiltonian systems. The study of completeness of Hamiltonian reductions for controlled
Hamiltonian system with symmetry is related to the geometrical structures of Lie group, con-
figuration manifold and its cotangent bundle, as well as the action ways of Lie group on the
configuration manifold and on its cotangent bundle. Our goal to do the research is to set up the
various perfect reduction theory for controlled mechanical systems, along the ideas of Professor
Jerrold E. Marsden, by analyzing carefully the geometrical and topological structures of the
phase spaces of various mechanical systems, see Wang [18].
Recently, we note that the Heisenberg group is an important Lie group and it is a cen-
tral extension of R2 by R, and hence it is also a motivating example for the general theory of
Hamiltonian reduction by stages, see Marsden et al. [7,8], also see Capogna et al. [4] and Mont-
gomery [14] for more details of the geometry of the Heisenberg group. In particular, we note that
there is a magnetic term on the cotangent bundle of the Heisenberg group H, which is related to
a curvature two-form of a mechanical connection determined by the reduction of center action
of the Heisenberg group H, see Theorem 3.2 in §3, such that we can define a kind of controlled
magnetic Hamiltonian (CMH) system with symmetry of the Heisenberg group H, and study the
regular point reduction of such CMH system, by using the reduction of the magnetic cotangent
bundle of the Heisenberg group H and from the viewpoint of completeness of the regular point
reduction of RCH system, and discuss the magnetic reducible controlled Hamiltonian (MR-CH)
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equivalence. These are the main works in this paper. It is worthy of noting that the regular point
reduction of a CMH system with symmetry of the Heisenberg group H describes the impact of
the special structure of symmetric group of the CMH system for the regular reduction of a RCH
system. It is different from the regular point reduction of a RCH system defined on a cotangent
bundle with the canonical structure, the regular point reduction of a CMH system can reveal
the deeper relationship of the intrinsic geometrical structure of phase space of the RCH system.
A brief of outline of this paper is as follows. In the second section, we review some relevant
definitions and basic facts about the Heisenberg group H, coadjoint H-action and coadjoint
orbit, which will be used in subsequent sections. The reduction of the magnetic cotangent
bundle of the Heisenberg group H, and the magnetic term in the magnetic symplectic form
of cotangent bundle of the Heisenberg group H, which is related to a curvature two-form of a
mechanical connection determined by the reduction of center action of the Heisenberg group H,
are introduced in the third section. In the fourth section, we introduce briefly some relevant
definitions and basic facts about the RCH systems defined on a symplectic fiber bundle and on
the cotangent bundle of a configuration manifold, respectively, and RCH-equivalence, the regular
point reducible RCH system with symmetry, as well as CMH system, M-CH-equivalence, and
the regular point reducible CMH system with symmetry. Even if a CMH system is also a
RCH system, but the set of CMH systems with symmetries is not a complete subset of the set
of RCH systems with symmetries under the regular point reduction of RCH system. In the
fifth section, we state that the CMH system with symmetry of the Heisenberg group H is a
regular point reducible CMH system, and give its regular point reduced CMH system on the
generalization of coadjoint orbit of the Heisenberg group H by calculation in detail. Moreover,
we discuss the MR-CH-equivalence for the regular point reducible CMH system with symmetry
of the Heisenberg group H, and prove the regular point reduction theorem for such system,
which explains the relationship between MR-CH-equivalence for the regular point reducible CMH
system with symmetry of the Heisenberg group and M-CH-equivalence for the associated regular
point reduced CMH system. As an application of the theoretical results, in the sixth section,
we consider the motion of the Heisenberg particle in a magnetic field, and we also consider the
magnetic term from the viewpoint of Kaluza-Klein construction. These research works develop
the theory of regular reduction for the CMH system with symmetry of the Heisenberg group
and make us have much deeper understanding and recognition for the geometrical structures of
phase spaces of controlled Hamiltonian systems.
2 The Heisenberg Group and Its Lie Algebra
In this paper, our goal is to define a kind of CMH system with symmetry of the Heisenberg
group H and to prove the regular point reduction theorem for such CMH system, by using the
magnetic term and the magnetic symplectic form on the cotangent bundle of the Heisenberg
group H. In order to do these, in this section, we first review some relevant definitions and basic
facts about the Heisenberg group H, coadjoint H-action and coadjoint orbit, which will be used
in subsequent sections. We shall follow the notations and conventions introduced in Marsden et
al. [7, 8].
We consider the commutative group R2 with its standard symplectic form ω, which is the
usual area form on the Euclidean plane, that is,
ω(u, v) = u1v2 − u2v1, (2.1)
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where u = (u1, u2), v = (v1, v2) ∈ R
2. Define the set H = R2 ⊕ R with group multiplication
(u, α)(v, β) = (u+ v, α + β +
1
2
ω(u, v)) (2.2)
where u, v ∈ R2 and α, β ∈ R. It is readily verified that this operation defines a Lie group,
and its identity element is (0, 0) and the inverse of (u, α) is given by (u, α)−1 = (−u,−α). This
group is called the Heisenberg group, which is an important Lie group and it is isomorphic
to the upper triangular 3× 3 matrices with ones on the diagonal, and the isomorphism is given
by
(u, α) 7→


1 u1 α+
1
2u1u2
0 1 u2
0 0 1

 . (2.3)
It is worthy of noting that each element (0, α) in H commutes with every other element
of H, and by using the nondegeneracy of the symplectic form ω, we know that every element
of H that commutes with all other elements of H is of the form (0, α). Hence, the subgroup
A = {(0, α) ∈ H|α ∈ R}, consisting of pairs (0, α) in H, is the center of H and A ∼= R. Thus,
the Heisenberg group H is the central extension of R2 by R and B = ω is its group two-
cocycle, see Marsden et al. [7].
The Lie algebra of the Heisenberg group H is η ∼= R2 ⊕ R. We identify η with R3 via the
Euclidean inner product. In the following we can calculate the Lie algebra bracket on η. We
know that the left and right translation on H induce the left and right action of H on itself.
The conjugation action I : H → H is given by
I(u,α)((v, β)) = (u, α)(v, β)(u, α)
−1 = (u, α)(v, β)(−u,−α) = (v, β + ω(u, v)), (2.4)
for any (u, α), (v, β) ∈ H, which is the inner automorphism on H. By differentiating the above
formula with respect to (v, β), we can see that the operator Ad : H × η → η, which induces an
adjoint action of H on η, is given by
Ad(u,α)(Y, b) = (Y, b+ ω(u, Y )), (2.5)
where (Y, b) ∈ η. By differentiating once more the above formula with respect to (u, α), we can
get that the operator ad : η × η → η, that is, the Lie bracket [, ] : η × η → η, is given by
ad(X,a)(Y, b) = [(X, a), (Y, b)] = (0, ω(X,Y )), (2.6)
with a Lie algebra two-cocycle C(X,Y ) = ω(X,Y ), where (X, a), (Y, b) ∈ η ∼= R2 ⊕ R.
The dual of Lie algebra η of the Heisenberg group H is η∗ ∼= R2⊕R.We also identify η∗ with
R3 via the Euclidean inner product. Note that the adjoint representation of the Heisenberg group
H is defined by Ad(u,α)(Y, b) = T(0,0)I(u,α)(Y, b) = T(u,α)−1L(u,α) ·T(0,0)R(u,α)−1(Y, b) : H×η → η,
then the coadjoint representation of the Heisenberg group H, that is, Ad∗ : H × η∗ → η∗, is
defined by the following equation
〈Ad∗(u,α)−1(µ, ν), (Y, b)〉 = 〈(µ, ν),Ad(u,α)(Y, b)〉, (2.7)
where (u, α) ∈ H, (µ, ν) ∈ η∗, and (Y, b) ∈ η, and 〈, 〉 denotes the natural pairing between η∗
and η. Moreover, the coadjoint representation Ad∗ : H× η∗ → η∗ induces a left coadjoint action
of the Heisenberg group H on η∗, which is given by
Ad∗(u,α)−1(µ, ν) = (µ+ νJu, ν), (2.8)
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where (u, α) ∈ H, (µ, ν) ∈ η∗, and Ju = J(u1, u2) = (u2,−u1) is the matrix of the standard
symplectic form ω on R2. Then the coadjoint orbit O(µ,ν) of this H-action through (µ, ν) ∈ η
∗
are that (1) O(µ,0) = {(µ, 0)}, and (2) O(µ,ν 6=0) ∼= R
2×{ν}. which are the immersed submanifolds
of η∗.
We know that η∗ is a Poisson manifold with respect to the (±) magnetic Lie-Poisson bracket
{·, ·}B± defined by
{f, g}B±(µ, ν) := ± < (µ, ν), [
δf
δ(µ, ν)
,
δg
δ(µ, ν)
] > −pi∗HB(0, 0)(
δf
δ(µ, ν)
,
δg
δ(µ, ν)
), (2.9)
for any f, g ∈ C∞(η∗), and (µ, ν) ∈ η∗, where the element δfδ(µ,ν) ∈ η is defined by the equality
< (ρ, τ),
δf
δ(µ, ν)
>:= Df(µ, ν) · (ρ, τ),
for any (ρ, τ) ∈ η∗, see Marsden and Ratiu [10]. Thus, for the coadjoint orbit O(µ,ν), (µ, ν) ∈ η
∗,
the magnetic orbit symplectic structures can be defined by
ω±O(µ,ν)(ρ, τ)(ad
∗
(X,a)(ρ, τ), ad
∗
(Y,b)(ρ, τ)) = ±〈(ρ, τ), [(X, a), (Y, b)]〉 − pi
∗
HB(0, 0)((X, a), (Y, b)),
(2.10)
for any (X, a), (Y, b) ∈ η, and (ρ, τ) ∈ O(µ,ν) ⊂ η
∗, which coincide with the restriction of the
magnetic Lie-Poisson brackets on η∗ to the coadjoint orbit O(µ,ν). From the Symplectic Strat-
ification theorem we know that a finite dimensional Poisson manifold is the disjoint union of
its symplectic leaves, and its each symplectic leaf is an injective immersed Poisson submani-
fold whose induced Poisson structure is symplectic. In consequence, when η∗ is endowed one
of the magnetic Lie-Poisson structures {·, ·}B± , the symplectic leaves of the Poisson manifolds
(η∗, {·, ·}B±) coincide with the connected components of the magnetic orbits of the elements in
η∗ under the coadjoint action.
3 Magnetic Cotangent Bundle Reduction
In this section, we consider the reduction of magnetic cotangent bundle of the Heisenberg group
T ∗H with magnetic symplectic form ωB = ω0−pi
∗
HB, where ω0 is the usual canonical symplectic
form on T ∗H, and B is a closed two-form on H, and pi∗HB is the magnetic term on T
∗H, the
map piH : T
∗H → H is the cotangent bundle projection and pi∗H : T
∗H → T ∗T ∗H. Defined the
left H-action Φ : H×H → H given by
Φ((u, α), (v, β)) := (u, α)(v, β) = (u+ v, α + β +
1
2
ω(u, v)), (3.1)
for any (u, α), (v, β) ∈ H, that is, the H-action on H is the left translation on H, which is free
and proper, and leaves the two-form B invariant. By using the local left trivialization of T ∗H,
we have that T ∗H ∼= H × η∗ (locally). We consider the cotangent lift of the H-action to the
magnetic cotangent bundle (T ∗H, ωB), which is given by
ΦT
∗
: H× T ∗H → T ∗H, ΦT
∗
((u, α), ((v, β), (µ, ν))) := ((u, α)(v, β), (µ, ν)), (3.2)
for any (u, α), (v, β) ∈ H, (µ, ν) ∈ η∗, and it is also a free and proper action.
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Assume that the H-action on (T ∗H, ωB) is symplectic, and admits an Ad
∗-equivariant mo-
mentum map J : T ∗H → η∗. If (µ, ν) ∈ η∗ is a regular value of J and G(µ,ν) = {(u, α) ∈
H|Ad∗(u,α)(µ, ν) = (µ, ν)} is the isotropy subgroup of coadjoint H-action at the point (µ, ν).
Since G(µ,ν)(⊂ H) acts freely and properly on H and on T
∗H, it follows that G(µ,ν) acts also
freely and properly on J−1((µ, ν)), so that the reduced space (T ∗H)(µ,ν) = J
−1((µ, ν))/G(µ,ν)
is a symplectic manifold with the reduced symplectic form ω(µ,ν) uniquely characterized by the
relation
pi∗(µ,ν)ω(µ,ν) = i
∗
(µ,ν)ωB. (3.3)
The map i(µ,ν) : J
−1((µ, ν)) → T ∗H is the inclusion and pi(µ,ν) : J
−1((µ, ν)) → (T ∗H)(µ,ν) is
the projection. The pair ((T ∗H)(µ,ν), ω(µ,ν)) is called the regular point reduced space of the
magnetic cotangent bundle (T ∗H, ωB) at (µ, ν).
If (T ∗H, ωB) is a connected magnetic symplectic manifold, and J : T
∗H → η∗ is a non-
equivariant momentum map with a non-equivariance group one-cocycle σ : H → η∗, which is
defined by σ((u, α)) := J((u, α) · z) − Ad∗(u,α)−1 J(z), where (u, α) ∈ H and z ∈ T
∗H. Then we
know that σ produces a new affine action Θ : H× η∗ → η∗ defined by
Θ((u, α), (µ, ν)) := Ad∗(u,α)−1(µ, ν) + σ((u, α)), (3.4)
where (u, α) ∈ H, (µ, ν) ∈ η∗, with respect to which the given momentum map J is equiv-
ariant. Since H acts freely and properly on T ∗H, and G˜(µ,ν) denotes the isotropy subgroup of
(µ, ν) ∈ η∗ relative to this affine action Θ and (µ, ν) is a regular value of J. Then the quotient
space (T ∗H)(µ,ν) = J
−1((µ, ν))/G˜(µ,ν) is also a symplectic manifold with the reduced symplectic
form ω(µ,ν) uniquely characterized by (3.3), see Ortega and Ratiu [15].
Moreover, from Abraham and Marsden [1] and the above discussion in §2, we can obtain
the following theorem, which states that we can describe the regular point reduced space of
a magnetic cotangent bundle by using the coadjoint orbit with the magnetic orbit symplectic
structure.
Theorem 3.1 The coadjoint orbit (O(µ,ν), ω
−
O(µ,ν)
), (µ, ν) ∈ η∗, is symplectically diffeomorphic
to the magnetic symplectic point reduced space ((T ∗H)(µ,ν), ω(µ,ν)) of the magnetic cotangent
bundle (T ∗H, ωB).
In the following we shall state that the magnetic term is related to a curvature two-form
of a mechanical connection, by the reduction of center action of the Heisenberg group H. In
§2, we have known that the center of H is the subgroup A = {(0, α) ∈ H|α ∈ R} ∼= R, and
the Heisenberg group is the central extension of R2 by R, hence we can consider H as a right
principal R-bundle H = R2⊕R→ R2, and there is an induced right H-invariant metric on H as
follows. In fact, we define that <,>: η×η → R given by < (X, a), (Y, b) >= (X,Y )+ab, for any
(X, a), (Y, b) ∈ η, where the Euclidean inner product (, ) in R2 is used in the first summand and
the multiplication of real numbers in the second summand. For (u, α) ∈ H and (X, a) ∈ T(u,α)H,
the tangent of right translation on H is given by
T(u,α)R(v,β)(X, a) = (X, a +
1
2
ω(X, v)) ∈ T(u,α)(v,β)H, (3.5)
and, in particular, we have that
T(u,α)R(u,α)−1(X, a) = (X, a −
1
2
ω(X,u)) ∈ η. (3.6)
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Thus, the associated right H-invariant metric on H is given by
≪ (X, a), (Y, b) ≫(u,α)= (X,Y ) + ab−
1
2
aω(Y, u)−
1
2
bω(X,u) +
1
4
ω(X,u)ω(Y, u). (3.7)
Note that the exponential map of the Heisenberg group exp : η → H coincides with that of the
vector Lie group (R3,+), that is, the identity map of R3. For a given a ∈ R, the infinitesimal
generator for the right R-action of H on H is given by
aH(v, β) =
d
dt
(v, β)(0, ta) = (0, a).
By combining these formulas and using the general formula for the locked inertia tensor, see
Marsden [6], we can get the expression of the associated locked inertia tensor, that is,
< I(u,α)(a), b >=≪ aH(u, α), bH(u, α)≫(u,α)= ab, (3.8)
for any a, b ∈ R. Moreover, for any (X, a) ∈ T(u,α)H and b ∈ R, we have the momentum map
for the R-action on H given by
< JR(≪ (X, a), · ≫(u,α)), b >=≪ (X, a), (0, b) ≫(u,α)= (a−
1
2
ω(X,u))b. (3.9)
Thus, we can get the expression of the associated mechanical connection A : TH → R given by
A(u, α)(X, a) = a−
1
2
ω(X,u), (3.10)
and its exterior derivative is given by
B = dA(u, α)((X, a), (Y, b)) = ω(X,Y ), (3.11)
where (X, a), (Y, b) ∈ T(u,α)H, which offers a Lie algebra valued, closed two-form B on H,
that is, the curvature two-form of the mechanical connection A. For ν ∈ R∗ ∼= R, we can
define the ν-component of B by Bν = νB, such that for any (u, α) ∈ H, (X, a), (Y, b) ∈
T(u,α)H, B
ν(u, α)((X, a), (Y, b)) = νB(u, α)((X, a), (Y, b)) = νω(X,Y ). This Bν is an ordinary
closed two-form on H, and pi∗HB
ν is usually the magnetic term on T ∗H. To sum up the above
discussion, we have the following theorem.
Theorem 3.2 There is a magnetic term on the cotangent bundle of the Heisenberg group H,
which is related to a curvature two-form of a mechanical connection determined by the reduction
of center action of the Heisenberg group H.
4 RCH System, CMH System and Regular Point Reduction
In order to describe the regular point reduction of a CMH system with symmetry of the Heisen-
berg groupH and the MR-CH-equivalence, in this section, we shall give some relevant definitions
and basic facts about RCH system, RCH-equivalence, regular point reducible RCH system, see
Marsden et al. [11], as well as CMH system, M-CH-equivalence, regular point reducible CMH
system. We shall state that the set of the CMH systems with symmetries is a subset of the set
of the RCH systems with symmetries, and it is not complete under the regular point reduction
of RCH system. For convenience, we assume that all controls appearing in this paper are the
admissible controls.
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At first, in order to describe uniformly RCH systems defined on a cotangent bundle and on
its regular point reduced space, in terms of the completeness of Marsden-Weinstein reduction,
see Marsden et al. [11], we shall define a RCH system on a symplectic fiber bundle as follows.
Let (E,M,N, pi,G) be a fiber bundle and (E,ωE) be a symplectic fiber bundle. If for any
function H : E → R, we have a Hamiltonian vector field XH given by the Hamilton’s equation
iXHωE = dH, then (E,ωE ,H) is a Hamiltonian system. Moreover, if considering the external
force and control, we can define a kind of regular controlled Hamiltonian (RCH) system on the
symplectic fiber bundle E as follows.
Definition 4.1 (RCH System) A RCH system on E is a 5-tuple (E,ωE ,H, F, C), where (E,ωE ,
H) is a Hamiltonian system, and the function H : E → R is called the Hamiltonian, a fiber-
preserving map F : E → E is called the (external) force map, and a fiber submanifold C of E is
called the control subset.
Sometimes, C also denotes the set of fiber-preserving maps from E to C. When a feedback
control law u : E → C is chosen, the 5-tuple (E,ωE ,H, F, u) denotes a closed-loop dynamic
system. In particular, when Q is a smooth manifold, and T ∗Q its cotangent bundle with a
symplectic form ω (not necessarily canonical symplectic form), then (T ∗Q,ω) is a symplectic
vector bundle. If we take that E = T ∗Q, from above definition we can obtain a RCH system on
the cotangent bundle T ∗Q, that is, 5-tuple (T ∗Q,ω,H,F, C).
In order to describe the dynamics of the RCH system (E,ωE ,H, F, C) with a control law u,
we can give a good expression of the dynamical vector field of RCH system by using the notations
of vertical lifted maps of a vector along a fiber, see Marsden et al. [11]. In particular, in the
case of cotangent bundle, for a given RCH System (T ∗Q,ω,H,F, C), the dynamical vector field
of the associated Hamiltonian system (T ∗Q,ω,H) is XH , and it satisfies Hamilton’s equation
iXHω = dH. If considering the external force F : T
∗Q→ T ∗Q, by using the notation of vertical
lifted map of a vector along a fiber, the change of XH under the action of F is that
vlift(F )XH (αx) = vlift((TFXH)(F (αx)), αx) = (TFXH)
v
γ(αx),
where αx ∈ T
∗
xQ, x ∈ Q and γ is a straight line in T
∗
xQ connecting Fx(αx) and αx. In the same
way, when a feedback control law u : T ∗Q→ C is chosen, the change of XH under the action of
u is that
vlift(u)XH (αx) = vlift((TuXH)(u(αx)), αx) = (TuXH)
v
γ(αx).
In consequence, we can give an expression of the dynamical vector field of RCH system as follows.
Theorem 4.2 The dynamical vector field of a RCH system (T ∗Q,ω,H,F, C) with a control
law u is the synthetic of Hamiltonian vector field XH and its changes under the actions of the
external force F and control u, that is,
X(T ∗Q,ω,H,F,u)(αx) = XH(αx) + vlift(F )XH(αx) + vlift(u)XH (αx),
for any αx ∈ T
∗
xQ, x ∈ Q. For convenience, it is simply written as
X(T ∗Q,ω,H,F,u) = XH + vlift(F ) + vlift(u). (4.1)
We also denote that vlift(C) =
⋃
{vlift(u)XH | u ∈ C}. It is worthy of noting that in order
to deduce and calculate easily, we always use the simple expression of dynamical vector field
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X(T ∗Q,ω,H,F,u).
From the expression (4.1) of the dynamical vector field of a RCH system, we know that
under the actions of the external force F and control u, in general, the dynamical vector field is
not Hamiltonian, and hence the RCH system is not yet a Hamiltonian system. However, it is a
dynamical system closed relative to a Hamiltonian system, and it can be explored and studied
by extending the methods for external force and control in the study of Hamiltonian system.
On the other hand, we note that when a RCH system is given, the force map F is determined,
but the feedback control law u : T ∗Q → C could be chosen. In order to emphasize explicitly
the impact of external force and control in the study of the RCH systems, by using the above
expression of the dynamical vector field of the RCH system, we can describe the feedback control
law how to modify the structure of a RCH system, and the controlled Hamiltonian matching
conditions and RCH-equivalence are induced as follows.
Definition 4.3 (RCH-equivalence) Suppose that we have two RCH systems (T ∗Qi, ωi,Hi, Fi, Ci),
i = 1, 2, we say them to be RCH-equivalent, or simply, (T ∗Q1, ω1,H1, F1, C1)
RCH
∼
(T ∗Q2, ω2,H2, F2, C2), if there exists a diffeomorphism ϕ : Q1 → Q2, such that the following
controlled Hamiltonian matching conditions hold:
RCH-1: The cotangent lifted map of ϕ, that is, ϕ∗ = T ∗ϕ : T ∗Q2 → T
∗Q1 is symplectic, and
C1 = ϕ
∗(C2).
RCH-2: Im[XH1+vlift(F1)−Tϕ
∗XH2−vlift(ϕ
∗F2ϕ∗)] ⊂ vlift(C1), where the map ϕ∗ = (ϕ
−1)∗ :
T ∗Q1 → T
∗Q2, and Tϕ
∗ : TT ∗Q2 → TT
∗Q1, and Im means the pointwise image of the map in
brackets.
In the following we consider the RCH system with symmetry and momentum map, and give
the regular point reducible RCH system. Let Q be a smooth manifold and T ∗Q its cotangent
bundle with the symplectic form ω. Let Φ : G×Q→ Q be a smooth left action of a Lie group
G on Q, which is free and proper. Then the cotangent lifted left action ΦT
∗
: G× T ∗Q→ T ∗Q
is also free and proper. Assume that the action is symplectic and admits an Ad∗-equivariant
momentum map J : T ∗Q → g∗, where g is the Lie algebra of G and g∗ is the dual of g. Let
µ ∈ g∗ be a regular value of J and denote by Gµ the isotropy subgroup of the coadjoint G-action
at the point µ ∈ g∗, which is defined by Gµ = {g ∈ G|Ad
∗
g µ = µ}. Since Gµ(⊂ G) acts freely
and properly on Q and on T ∗Q, then Qµ = Q/Gµ is a smooth manifold and that the canonical
projection ρµ : Q → Qµ is a surjective submersion. It follows that Gµ acts also freely and
properly on J−1(µ), so that the space (T ∗Q)µ = J
−1(µ)/Gµ is a symplectic manifold with the
symplectic form ωµ uniquely characterized by the relation
pi∗µωµ = i
∗
µω. (4.2)
The map iµ : J
−1(µ)→ T ∗Q is the inclusion and piµ : J
−1(µ)→ (T ∗Q)µ is the projection. The
pair ((T ∗Q)µ, ωµ) is called Marsden-Weinstein reduced space of (T
∗Q,ω) at µ.
Assume that H : T ∗Q → R is a G-invariant Hamiltonian, the flow Ft of the Hamiltonian
vector field XH leaves the connected components of J
−1(µ) invariant and commutes with the
G-action, so it induces a flow fµt on (T
∗Q)µ, defined by f
µ
t · piµ = piµ · Ft · iµ, and the vector
field Xhµ generated by the flow f
µ
t on ((T
∗Q)µ, ωµ) is Hamiltonian with the associated Marsden-
Weinstein reduced Hamiltonian function hµ : (T
∗Q)µ → R defined by hµ · piµ = H · iµ, and the
Hamiltonian vector fields XH and Xhµ are piµ-related.
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Since we can regard a Hamiltonian system on T ∗Q as a spacial case of a RCH system
without external force and control, then the set of Hamiltonian systems with symmetries on
T ∗Q is a subset of the set of RCH systems with symmetries on T ∗Q. If we first admit the
Marsden-Weinstein reduction for a Hamiltonian system with symmetry, then we may study
the regular point reduction for a RCH system with symmetry, as an extension of Marsden-
Weinstein reduction of a Hamiltonian system under regular controlled Hamiltonian equivalence
conditions. On the other hand, note that the Marsden-Weinstein reduced space ((T ∗Q)µ, ωµ)
is symplectically diffeomorphic to a symplectic fiber bundle. Thus, we can introduce a regular
point reducible RCH system as follows.
Definition 4.4 (Regular Point Reducible RCH System) A 6-tuple (T ∗Q,G,ω,H,F, C), where
the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the fiber sub-
manifold C of T ∗Q are all G-invariant, is called a regular point reducible RCH system, if there
exists a point µ ∈ g∗, which is a regular value of the momentum map J, such that the regular
point reduced system, that is, the 5-tuple ((T ∗Q)µ, ωµ, hµ, fµ, Cµ), where (T
∗Q)µ = J
−1(µ)/Gµ,
pi∗µωµ = i
∗
µω, hµ · piµ = H · iµ, F (J
−1(µ)) ⊂ J−1(µ), fµ · piµ = piµ · F · iµ, C ∩ J
−1(µ) 6= ∅, and
Cµ = piµ(C ∩ J
−1(µ)), is a RCH system, which is simply written as RP -reduced RCH system.
Here ((T ∗Q)µ, ωµ) is the RP -reduced space, the function hµ : (T
∗Q)µ → R is called the reduced
Hamiltonian, the fiber-preserving map fµ : (T
∗Q)µ → (T
∗Q)µ is called the reduced (external)
force map, Cµ is a fiber submanifold of (T
∗Q)µ and is called the reduced control subset.
In order to describe the impact of different geometric structures of phase spaces of the RCH
systems, we introduce an important special case of RCH system, that is, a controlled magnetic
Hamiltonian (CMH) system. We first give a magnetic Hamiltonian system on the cotangent
bundle T ∗Q. Assume that T ∗Q with the canonical symplectic form ω, and B is a closed two-
form on Q, then ωB = ω − pi
∗
QB is a symplectic form on T
∗Q, where pi∗Q : T
∗Q → T ∗T ∗Q.
The ωB is called a magnetic symplectic form, and pi
∗
QB is called a magnetic term on T
∗Q, see
Marsden et al. [7]. A magnetic Hamiltonian system is a 3-tuple (T ∗Q,ωB ,H), which is Hamil-
tonian system defined by a magnetic symplectic form ωB. For a Hamiltonian H, the dynamical
vector field XBH , which is called the magnetic Hamiltonian vector field, satisfies the magnetic
Hamilton’s equation, that is, iXBH
ωB = dH.
A controlled magnetic Hamiltonian (CMH) system on T ∗Q is a 5-tuple (T ∗Q,ωB,H, F, C),
which is a magnetic Hamiltonian system (T ∗Q,ωB,H) with external force F and control C.
Thus, a CMH system is also a RCH system, but its symplectic structure is given by a magnetic
symplectic form, and the set of the CMH systems is a subset of the set of the RCH systems.
Moreover, we consider the set of the CMH systems with symmetries, which is a subset of the set
of the RCH systems with symmetries, and we shall state that the subset is not complete under
the regular point reduction of RCH system.
In fact, from the classification of Marsden-Weinstein symplectic reduced space of Hamilto-
nian system with symmetry on the cotangent bundle T ∗Q, we know that, if the regular value
of the momentum map J, µ 6= 0, and Lie group G is Abelian, then the isotropy subgroup
Gµ = G, in this case the Marsden-Weinstein symplectic reduced space ((T
∗Q)µ, ωµ) is symplec-
tically diffeomorphic to symplectic vector bundle (T ∗(Q/G), ωBµ ), where ωBµ = ω0 − Bµ is a
magnetic symplectic form, and Bµ is a magnetic term, and ω0 is the canonical symplectic form
on T ∗(Q/G). In fact, from Marsden and Ratiu [10] we know that this is a general phenomenon
of momentum shifting on the cotangent bundle T ∗Q under Marsden-Weinstein symplectic reduc-
tion. In consequence, for a RCH system with symmetry (T ∗Q,G,ω,H,F, C), its regular point
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reduced RCH system (T ∗(Q/G), ωBµ , hµ, fµ, Cµ) may be a CMH system. On the other hand, if a
CMH system with symmetry (T ∗Q,G,ωB ,H, F, C) is regular point reducible, when the regular
value of the momentum map J, µ 6= 0, and Lie group G is Abelian, in this case the regular point
reduced system is (T ∗(Q/G), ωµ, hµ, fµ, Cµ), where the reduced symplectic form ωµ satisfies that
pi∗µωµ = i
∗
µωB, that is, pi
∗
µ(ω0−Bµ) = i
∗
µ(ω−pi
∗
QB), where ωµ = ω0−Bµ, and Bµ is the magnetic
term for the reduced system. In particular, when pi∗µ ·Bµ = 2i
∗
µ · pi
∗
QB, in this case, we have that
pi∗µ · ω0 = i
∗
µ(ω + pi
∗
QB), that is, from the viewpoint of the phenomenon of momentum shifting,
the regular point reduced system of the CMH system with symmetry (T ∗Q,G,ω+pi∗QB,H,F, C)
is (T ∗(Q/G), ω0, hµ, fµ, Cµ), which is a RCH system with canonical symplectic form, that is, a
CMH system without magnetic term. Thus, the reduced system of a CMH system with sym-
metry may not be a CMH system under the regular point reduction of RCH system, and hence
the set of CMH systems with symmetries is not complete under the regular point reduction of
RCH system. In order to give the regular point reduction of CMH systems with symmetries
and CH-equivalence for their reduced CMH systems, we have to restrict the definitions of the
RCH-equivalence of RCH systems and of regular point reducible RCH system to the set of CMH
systems.
When we restrict the definition of RCH-equivalence of RCH systems to the set of CMH
systems, then we can describe the feedback control law to modify the structures of CMH systems,
and the M-CH-equivalence is induced as follows.
Definition 4.5 (M-CH-equivalence) Suppose that we have two CMH systems (T ∗Qi, ωBi ,Hi,
Fi, Ci), i = 1, 2, we say them to be M-CH-equivalent, or simply, (T
∗Q1, ωB1 ,H1, F1, C1)
M−CH
∼
(T ∗Q2, ωB2 ,H2, F2, C2), if there exists a diffeomorphism ϕ : Q1 → Q2, such that the following
magnetic controlled Hamiltonian matching conditions hold:
M-CH-1: The cotangent lifted map of ϕ, that is, ϕ∗ = T ∗ϕ : T ∗Q2 → T
∗Q1 is symplectic with
respect to their magnetic symplectic forms, and C1 = ϕ
∗(C2).
M-CH-2: Im[XB1H1 + vlift(F1) − Tϕ
∗XB2H2 − vlift(ϕ
∗F2ϕ∗)] ⊂ vlift(C1), where the map ϕ∗ =
(ϕ−1)∗ : T ∗Q1 → T
∗Q2, and Tϕ
∗ : TT ∗Q2 → TT
∗Q1, and Im means the pointwise image of the
map in brackets.
Moreover, when we restrict the definition of regular point reducible RCH systems with sym-
metries to the set of CMH systems with symmetries, then we can give the definition of regular
point reducible CMH systems with symmetries as follows.
Definition 4.6 (Regular Point Reducible CMH System) A 6-tuple (T ∗Q,G,ωB ,H, F, C), where
the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the fiber sub-
manifold C of T ∗Q are all G-invariant, is called a regular point reducible CMH system, if there
exists a point µ ∈ g∗, which is a regular value of the momentum map J, such that the regular
point reduced system, that is, the 5-tuple ((T ∗Q)µ, ω
B
µ , hµ, fµ, Cµ), where (T
∗Q)µ = J
−1(µ)/Gµ,
pi∗µω
B
µ = i
∗
µωB, hµ · piµ = H · iµ, F (J
−1(µ)) ⊂ J−1(µ), fµ · piµ = piµ · F · iµ, C ∩ J
−1(µ) 6= ∅, and
Cµ = piµ(C ∩ J
−1(µ)), is a CMH system, which is simply written as RP -reduced CMH system.
Here ((T ∗Q)µ, ω
B
µ ) is the RP -reduced magnetic symplectic space, the function hµ : (T
∗Q)µ → R
is the reduced Hamiltonian, the fiber-preserving map fµ : (T
∗Q)µ → (T
∗Q)µ is the reduced
(external) force map, Cµ is a fiber submanifold of (T
∗Q)µ and is the reduced control subset.
It is worthy of noting that for the regular point reducible CMH system (T ∗Q,G,ωB ,H, F, C),
the G-invariant external force map F : T ∗Q → T ∗Q has to satisfy the conditions F (J−1(µ)) ⊂
J−1(µ), and fµ · piµ = piµ · F · iµ, such that we can define the reduced external force map fµ :
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(T ∗Q)µ → (T
∗Q)µ. The condition C∩J
−1(µ) 6= ∅ in above definition makes that the G-invariant
control subset C ∩J−1(µ) can be reduced and the reduced control subset is Cµ = piµ(C ∩J
−1(µ)).
If the control subset cannot be reduced, we cannot get the RP -reduced CMH system.
From the above discussion, we know that the magnetic term is an important global notion
in the phase space of a CMH system. it is different from the regular point reduction of a RCH
system defined on a cotangent bundle with the canonical structure, the regular point reduction
of a CMH system with symmetry reveals the deeper relationship of the intrinsic geometrical
structure of phase space of the CMH system.
5 CMH System with Symmetry of the Heisenberg Group
In this section, we first define a CMH system with symmetry of the Heisenberg group H, by us-
ing the magnetic term on the cotangent bundle of the Heisenberg group. Then we state that the
CMH system with symmetry of the Heisenberg group is a regular point reducible CMH system,
and give its regular point reduced CMH system on the generalization of coadjoint orbit of the
Heisenberg group H by calculation in detail. Moreover, we discuss the MR-CH-equivalence for
the regular point reducible CMH system with symmetry of the Heisenberg group H, and prove
the regular point reduction theorem for such system.
A CMH system with symmetry of the Heisenberg group H is a 6-tuple (T ∗Q,H, ωQ,H, F, C),
where the configuration spaceQ = H×V, H = R2⊕R, and V is a k-dimensional vector space, and
the cotangent bundle T ∗Q with magnetic symplectic form ωQ = Ω0−pi
∗
QB¯, where Ω0 is the usual
canonical symplectic form on T ∗Q, and B¯ = pi∗1B is the closed two-form on Q, B is a closed two-
form on H and pi1 : Q = H×V →H, pi
∗
1 : T
∗H → T ∗Q and piQ : T
∗Q→ Q, pi∗Q : T
∗Q→ T ∗T ∗Q,
and the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the fiber
submanifold C of T ∗Q are all left cotangent lifted H-action ΦT
∗
invariant. At first, we define
the left H-action Φ on Q as follows
Φ : H×Q→ Q, Φ((u, α), ((v, β), θ)) := ((u, α)(v, β), θ), (5.1)
for any (u, α), (v, β) ∈ H, θ ∈ V , that is, the H-action on Q is the left translation on the first
factor H, and H acts trivially on the second factor V . Because locally, T ∗Q ∼= T ∗H× T ∗V , and
T ∗V ∼= V ×V ∗, by using the local left trivialization of T ∗H, we have that T ∗Q ∼= H×η∗×V ×V ∗
(locally). For the left H-action Φ : H×Q→ Q, the cotangent lift of the action to its cotangent
bundle T ∗Q is given by
ΦT
∗
: H× T ∗Q→ T ∗Q, ΦT
∗
((u, α), ((v, β), (µ, ν), θ, λ)) := ((u, α)(v, β), (µ, ν), θ, λ), (5.2)
for any (u, α), (v, β) ∈ H, (µ, ν) ∈ η∗, θ ∈ V, λ ∈ V ∗. If the H-action Φ is free and proper, then
the ΦT
∗
-action is also free and proper, and the orbit space (T ∗Q)/H is a smooth manifold and
pi : T ∗Q→ (T ∗Q)/H is a smooth submersion. Since H acts trivially on η∗, V and V ∗, it follows
that (T ∗Q)/H is diffeomorphic to η∗ × V × V ∗.
From §2 we have known that for (µ, ν) ∈ η∗, the coadjoint orbit O(µ,ν) ⊂ η
∗ has the magnetic
orbit symplectic forms ω±O(µ,ν) given by (2.10). Let ωV be the canonical symplectic form on
T ∗V ∼= V × V ∗ given by
ωV ((θ1, λ1), (θ2, λ2)) =< λ2, θ1 > − < λ1, θ2 >,
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where (θi, λi) ∈ V × V
∗, i = 1, 2, < ·, · > is the natural pairing between V ∗ and V . Thus,
we can induce the magnetic symplectic form ω˜−
O˜(µ,ν)
= pi∗O(µ,ν)ω
−
O(µ,ν)
+ pi∗V ωV on the smooth
manifold O˜(µ,ν) = O(µ,ν) × V × V
∗, where the maps piO(µ,ν) : O(µ,ν) × V × V
∗ → O(µ,ν) and
piV : O(µ,ν) × V × V
∗ → V × V ∗ are canonical projections.
On the other hand, from T ∗Q = T ∗H × T ∗V we know that there is a canonical symplectic
form Ω0 = pi
∗
1ω0 + pi
∗
2ωV on T
∗Q, where ω0 is the canonical symplectic form on T
∗H and the
maps pi1 : Q = H × V → H and pi2 : Q = H × V → V are canonical projections. Then
the magnetic symplectic form on T ∗Q is given by ωQ = pi
∗
1ω0 + pi
∗
2ωV − pi
∗
Q · pi
∗
1B. Assume
that the cotangent lift of left H-action ΦT
∗
: H × T ∗Q → T ∗Q is symplectic with respect to
the magnetic symplectic form ωQ, and admits an associated Ad
∗-equivariant momentum map
JQ : T
∗Q → η∗ such that JQ · pi
∗
1 = JH, where JH : T
∗H → η∗ is a momentum map of
left H-action on T ∗H, and pi∗1 : T
∗H → T ∗Q. If (µ, ν) ∈ η∗ is a regular value of JQ, then
(µ, ν) ∈ η∗ is also a regular value of JH and J
−1
Q ((µ, ν))
∼= J−1H ((µ, ν)) × V × V
∗. Denote by
G(µ,ν) = {(u, α) ∈ H|Ad
∗
(u,α)(µ, ν) = (µ, ν)} the isotropy subgroup of coadjoint H-action at the
point (µ, ν) ∈ η∗. It follows that G(µ,ν) acts also freely and properly on J
−1
Q ((µ, ν)), the regular
point reduced space
(T ∗Q)(µ,ν) = J
−1
Q ((µ, ν))/G(µ,ν)
∼= (T ∗H)(µ,ν) × V × V
∗
of (T ∗Q,ωQ) at (µ, ν), is a symplectic manifold with the reduced magnetic symplectic form
ω(µ,ν) uniquely characterized by the relation
pi∗(µ,ν)ω(µ,ν) = i
∗
(µ,ν)ωQ = i
∗
(µ,ν)pi
∗
1ω0 + i
∗
(µ,ν)pi
∗
2ωV − i
∗
(µ,ν)pi
∗
Q · pi
∗
1B, (5.3)
where the map i(µ,ν) : J
−1
Q ((µ, ν)) → T
∗Q is the inclusion and pi(µ,ν) : J
−1
Q ((µ, ν)) → (T
∗Q)(µ,ν)
is the projection. From Theorem 3.1 we have seen that ((T ∗H)(µ,ν), ω(µ,ν)) is symplectically
diffeomorphic to (O(µ,ν), ω
−
O(µ,ν)
), hence we obtain that ((T ∗Q)(µ,ν), ω(µ,ν)) is symplectically dif-
feomorphic to O˜(µ,ν) = (O(µ,ν) × V × V
∗, ω˜−
O˜(µ,ν)
).
Remark 5.1 If (T ∗Q,ωQ) is a connected magnetic symplectic manifold, and JQ : T
∗Q → η∗
is a non-equivariant momentum map with a non-equivariance group one-cocycle σ : H → η∗,
which is defined by σ((u, α)) := JQ((u, α) · z)−Ad
∗
(u,α)−1 JQ(z), where (u, α) ∈ H and z ∈ T
∗Q.
Then we know that σ produces a new affine action Θ : H× η∗ → η∗ defined by
Θ((u, α), (µ, ν)) := Ad∗(u,α)−1(µ, ν) + σ((u, α)), (5.4)
where (u, α) ∈ H, (µ, ν) ∈ η∗, with respect to which the given momentum map JQ is equivariant.
Since H acts freely and properly on T ∗Q, and G˜(µ,ν) denotes the isotropy subgroup of (µ, ν) ∈ η
∗
relative to this affine action Θ and (µ, ν) is a regular value of JQ. Then the regular point
reduced space (T ∗Q)(µ,ν) = J
−1
Q ((µ, ν))/G˜(µ,ν) is also a symplectic manifold with the reduced
magnetic symplectic form ω(µ,ν) uniquely characterized by (5.3), and this space is symplectically
diffeomorphic to O˜(µ,ν) = (O(µ,ν) × V × V
∗, ω˜−
O˜(µ,ν)
), where O(µ,ν) is the coadjoint orbit at
(µ, ν) ∈ η∗ with the reduced magnetic symplectic form ω(µ,ν).
Now assume that Hamiltonian H((u, α), (ρ, τ), θ, λ) : T ∗Q ∼= H × η∗ × V × V ∗ → R is
left cotangent lifted H-action ΦT
∗
invariant, for the regular value (µ, ν) ∈ η∗ of JQ, we have
the associated reduced Hamiltonian h(µ,ν)((ρ, τ), θ, λ) : (T
∗Q)(µ,ν) ∼= O(µ,ν) × V × V
∗ → R,
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defined by h(µ,ν) · pi(µ,ν) = H · i(µ,ν), and the reduced Hamiltonian vector field Xh(µ,ν) is given
by the reduced magnetic Hamilton’s equation iXh(µ,ν)
ω(µ,ν) = dh(µ,ν). Moreover, assume that
the fiber-preserving map F : T ∗Q → T ∗Q and the fiber submanifold C of T ∗Q are all left
cotangent lifted H-action ΦT
∗
invariant, and satisfy the conditions in Definition 4.6, then the
6-tuple (T ∗Q,H, ωQ,H, F, C) is a regular point reducible CMH system. Thus, there exists a
point (µ, ν) ∈ η∗, the regular value of the momentum map JQ : T
∗Q→ η∗, and for the given H-
invariant external force F : T ∗Q→ T ∗Q and H-invariant feedback control u : T ∗Q→ C, where
F (J−1Q (µ, ν)) ⊂ J
−1
Q (µ, ν), and C∩J
−1
Q (µ, ν) 6= ∅, the regular point reduced CMH system is the 5-
tuple (O(µ,ν)×V ×V
∗, ω˜−O(µ,ν)×V×V ∗ , h(µ,ν), f(µ,ν), u(µ,ν)), whereO(µ,ν) ⊂ η
∗ is the coadjoint orbit,
ω˜−O(µ,ν)×V×V ∗ is the magnetic orbit symplectic form on O(µ,ν)×V ×V
∗, h(µ,ν) ·pi(µ,ν) = H · i(µ,ν),
f(µ,ν) · pi(µ,ν) = pi(µ,ν) · F · i(µ,ν), and u(µ,ν) ∈ C(µ,ν) = pi(µ,ν)(C ∩ J
−1
Q (µ, ν)) ⊂ O(µ,ν) × V × V
∗,
u(µ,ν) · pi(µ,ν) = pi(µ,ν) · u · i(µ,ν). Moreover, assume that the dynamical vector field of the regular
point reduced CMH system can be expressed by
X(O(µ,ν)×V×V ∗,ω˜−O(µ,ν)×V×V ∗
,h(µ,ν),f(µ,ν),u(µ,ν))
= Xh(µ,ν) + vlift(f(µ,ν)) + vlift(u(µ,ν)), (5.5)
where Xh(µ,ν) ∈ T (O(µ,ν) × V × V
∗) is the magnetic Hamiltonian vector field of the reduced
Hamiltonian h(µ,ν) : O(µ,ν) × V × V
∗ → R, and vlift(f(µ,ν)) = vlift(f(µ,ν))Xh(µ,ν) ∈ T (O(µ,ν) ×
V × V ∗), vlift(u(µ,ν)) = vlift(u(µ,ν))Xh(µ,ν) ∈ T (O(µ,ν) × V × V
∗), and satisfy the condition
X(O(µ,ν)×V×V ∗,ω˜−O(µ,ν)×V×V ∗
,h(µ,ν),f(µ,ν),u(µ,ν))
· pi(µ,ν) = Tpi(µ,ν) ·X(T ∗Q,H,ωQ,H,F,u) · i(µ,ν). (5.6)
Note that vlift(u(µ,ν))Xh(µ,ν) is the vertical lift of vector field Xh(µ,ν) under the action of u(µ,ν)
along fiber, that is,
vlift(u(µ,ν))Xh(µ,ν)((ρ, τ), θ, λ) = vlift((Tu(µ,ν)Xh(µ,ν))(u(µ,ν)((ρ, τ), θ, λ)), ((ρ, τ), θ, λ))
= (Tu(µ,ν)Xh(µ,ν))
v
σ˜((ρ, τ), θ, λ),
where (µ, ν), (ρ, τ) ∈ η∗, θ ∈ V, λ ∈ V ∗, and σ˜ is a geodesic in O(µ,ν) × V × V
∗ connecting
u(µ,ν)((ρ, τ), θ, λ) and ((ρ, τ), θ, λ), and (Tu(µ,ν)Xh(µ,ν))
v
σ˜((ρ, τ), θ, λ) is the parallel displacement
of vertical vector (Tu(µ,ν)Xh(µ,ν))
v((ρ, τ), θ, λ) along the geodesic σ˜ from u(µ,ν)((ρ, τ), θ, λ) to
((ρ, τ), θ, λ), and vlift(f(µ,ν))Xh(µ,ν) is defined in the similar manner, see Marsden et al. [11] and
Theorem 4.2 in §4. In consequence, from Definition 4.6 and the above discussion, we can get
the following theorem.
Theorem 5.2 The 6-tuple (T ∗Q,H, ωQ,H, F, C) is a regular point reducible CMH system with
symmetry of the Heisenberg group H, where Q = H × V , and H = R2 ⊕ R is the Heisenberg
group with Lie algebra η ∼= R2 ⊕ R and its dual η∗ ∼= R2 ⊕ R, and V is a k-dimensional vector
space, and the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the
fiber submanifold C of T ∗Q are all left cotangent lifted H-action ΦT
∗
invariant. For a given
point (µ, ν) ∈ η∗, the regular value of the momentum map JQ : T
∗Q → η∗, and the given H-
invariant external force F : T ∗Q→ T ∗Q and H-invariant feedback control u : T ∗Q→ C, where
F (J−1Q (µ, ν)) ⊂ J
−1
Q (µ, ν), and C∩J
−1
Q (µ, ν) 6= ∅, the regular point reduced CMH system is the 5-
tuple (O(µ,ν)×V ×V
∗, ω˜−O(µ,ν)×V×V ∗ , h(µ,ν), f(µ,ν), u(µ,ν)), where O(µ,ν) ⊂ η
∗ is the coadjoint orbit,
ω˜−O(µ,ν)×V×V ∗ is the magnetic orbit symplectic form on O(µ,ν)×V ×V
∗, h(µ,ν) ·pi(µ,ν) = H · i(µ,ν),
f(µ,ν) · pi(µ,ν) = pi(µ,ν) · F · i(µ,ν), and u(µ,ν) ∈ C(µ,ν) = pi(µ,ν)(C ∩ J
−1
Q (µ, ν)), u(µ,ν) · pi(µ,ν) =
pi(µ,ν) · u · i(µ,ν).
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Moreover, for a given regular point reducible CMH system with symmetry of the Heisenberg
group (T ∗Q,H, ωQ,H, F, C), assume that the dynamical vector field of the regular point reduced
CMH system (O(µ,ν) × V × V
∗, ω˜−O(µ,ν)×V×V ∗ , h(µ,ν), f(µ,ν), u(µ,ν)) is given by (5.5), and satisfies
the equation (5.6). Thus, in order to emphasize explicitly the impact of external force and
control for the reduced CMH system, we can describe the feedback control law to modify the
structure of the regular point reducible CMH system with symmetry of the Heisenberg group.
At first, from Definition 4.5 we can give the magnetic reducible controlled Hamiltonian matching
conditions and MR-CH-equivalence for the CMH system with symmetry of the Heisenberg group
as follows.
Definition 5.3 (MR-CH-equivalence) Suppose that we have two regular point reducible CMH
systems with symmetries of the Heisenberg group (T ∗Qi,H, ωQi ,Hi, Fi, Ci), i = 1, 2, we say them
to be MR-CH-equivalent, or simply, (T ∗Q1,H, ωQ1 ,H1, F1, C1)
MRCH
∼ (T ∗Q2,H, ωQ2 ,H2, F2, C2),
if there exists a diffeomorphism ϕ : Q1 → Q2 such that the following magnetic reducible controlled
Hamiltonian matching conditions hold:
MR-CH-1: The cotangent lifted map ϕ∗ : T ∗Q2 → T
∗Q1 is symplectic with respect to their
magnetic symplectic forms.
MR-CH-2: For (µi, νi) ∈ η
∗
i , i = 1, 2, the regular reducible points of the CMH systems with
symmetries of the Heisenberg group (T ∗Qi,H, ωQi ,Hi, Fi, Ci), i = 1, 2, the map ϕ
∗
(µ,ν) = i
−1
(µ1,ν1)
·
ϕ∗ · i(µ2 ,ν2) : J
−1
Q2
(µ2, ν2)→ J
−1
Q1
(µ1, ν1) is (G2(µ2 ,ν2), G1(µ1 ,ν1))-equivariant and C1∩J
−1
Q1
(µ1, ν1) =
ϕ∗(µ,ν)(C2∩J
−1
Q2
(µ2, ν2)), where (µ, ν) = ((µ1, µ2), (ν1, ν2)), and denote by i
−1
(µ1,ν1)
(S) the pre-image
of a subset S ⊂ T ∗Q1 for the map i(µ1,ν1) : J
−1
Q1
(µ1, ν1)→ T
∗Q1.
MR-CH-3: Im[XH1 + vlift(F1) − Tϕ
∗XH2 − vlift(ϕ
∗F2ϕ∗)] ⊂ vlift(C1), where Im means the
pointwise image of the map in brackets.
Next, if restricting on the set of CMH systems with symmetries of the Heisenberg group, by
using the method given in Marsden et al. [11], we can prove the following regular point reduction
theorem for the CMH systems with symmetries of the Heisenberg group, which explains the
relationship between MR-CH-equivalence for the regular point reducible CMH systems with
symmetries of the Heisenberg group and M-CH-equivalence for the associated regular point
reduced CMH systems.
Theorem 5.4 Two regular point reducible CMH systems with symmetries of the Heisenberg
group (T ∗Qi,H, ωQi ,Hi, Fi, Ci), i = 1, 2, are MR-CH-equivalent if and only if the associated
regular point reduced CMH systems (Oi(µi,νi)×Vi×V
∗
i , ω˜
−
Oi(µi,νi)×Vi×V
∗
i
, hi(µi,νi), fi(µi,νi), Ci(µi,νi)),
i = 1, 2, are M-CH-equivalent.
Proof: Assume that (T ∗Q1,H, ωQ1 ,H1, F1, C1)
MRCH
∼ (T ∗Q2,H, ωQ2 ,H2, F2, C2), then from
Definition 5.3 we know that there exists a diffeomorphism ϕ : Q1 → Q2 such that ϕ
∗ : T ∗Q2 →
T ∗Q1 is symplectic with respect to their magnetic symplectic forms, and for (µi, νi) ∈ η
∗
i , i =
1, 2, the map ϕ∗(µ,ν) = i
−1
(µ1,ν1)
· ϕ∗ · i(µ2,ν2) : J
−1
Q2
(µ2, ν2) → J
−1
Q1
(µ1, ν1) is (G2(µ2 ,ν2), G1(µ1 ,ν1))-
equivariant, and C1 ∩ J
−1
Q1
(µ1, ν1) = ϕ
∗
(µ,ν)(C2 ∩ J
−1
Q2
(µ2, ν2)), and MR-CH-3 holds. From the
following commutative Diagram-1:
T ∗Q2
i(µ2,ν2)←−−−− J−1Q2(µ2, ν2)
pi(µ2,ν2)−−−−−→ (T ∗Q2)(µ2,ν2)
ϕ∗
y ϕ∗(µ,ν)
y ϕ∗(µ,ν)/H
y
T ∗Q1
i(µ1,ν1)←−−−− J−1Q1(µ1, ν1)
pi(µ1,ν1)−−−−−→ (T ∗Q1)(µ1,ν1)
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Diagram-1
We can define a map ϕ∗(µ,ν)/H : (T
∗Q2)(µ2,ν2) → (T
∗Q1)(µ1,ν1) such that ϕ
∗
(µ,ν)/H · pi(µ2,ν2) =
pi(µ1,ν1) · ϕ
∗
(µ,ν). Because ϕ
∗
(µ,ν) : J
−1
Q2
(µ2, ν2) → J
−1
Q1
(µ1, ν1) is (G2(µ2,ν2), G1(µ1,ν1))-equivariant,
ϕ∗(µ,ν)/H is well-defined. We shall show that ϕ
∗
(µ,ν)/H is symplectic with respect to the reduced
magnetic symplectic forms, and C1(µ1,ν1) = ϕ
∗
(µ,ν)/H(C2(µ2,ν2)). In fact, since ϕ
∗ : T ∗Q2 → T
∗Q1
is symplectic with respect to their magnetic symplectic forms, the map (ϕ∗)∗ : Ω2(T ∗Q1) →
Ω2(T ∗Q2) satisfies (ϕ
∗)∗ωQ1 = ωQ2 . By (5.3), we have that i
∗
(µi,νi)
ωQi = pi
∗
(µi,νi)
ωi(µi,νi), i = 1, 2,
and from the following commutative Diagram-2,
Ω2(T ∗Q1)
i∗
(µ1,ν1)−−−−→ Ω2(J−1Q1(µ1, ν1))
pi∗
(µ1,ν1)←−−−−− Ω2((T ∗Q1)(µ1,ν))
(ϕ∗)∗
y (ϕ∗(µ,ν))∗
y (ϕ∗(µ,ν)/H)∗
y
Ω2(T ∗Q2)
i∗
(µ2,ν2)−−−−→ Ω2(J−1Q2(µ2, ν2))
pi∗
(µ2,ν2)←−−−−− Ω2((T ∗Q2)(µ2,ν2))
Diagram-2
we have that
pi∗(µ2,ν2) · (ϕ
∗
(µ,ν)/H)
∗ω1(µ1,ν1) = (ϕ
∗
(µ,ν)/H · pi(µ2,ν2))
∗ω1(µ1,ν1)
= (pi(µ1,ν1) · ϕ
∗
(µ,ν))
∗ω1(µ1,ν1)
= (i−1(µ1,ν1) · ϕ
∗ · i(µ2,ν2))
∗ · pi∗(µ1,ν1)ω1(µ1,ν1)
= i∗(µ2,ν2) · (ϕ
∗)∗ · (i−1(µ1,ν1))
∗ · i∗(µ1,ν1)ωQ1
= i∗(µ2,ν2) · (ϕ
∗)∗ωQ1
= i∗(µ2,ν2)ωQ2 = pi
∗
(µ2,ν2)
ω2(µ2,ν2).
Notice that pi∗(µ2,ν2) is a surjective, thus, (ϕ
∗
(µ,ν)/H)
∗ω1(µ1,ν1) = ω2(µ2,ν2). Because by hypothesis
Ci∩J
−1
Qi
(µi, νi) 6= ∅, Ci(µi,νi) = pi(µi,νi)(Ci∩J
−1
Qi
(µi, νi)), i = 1, 2 and C1∩J
−1
Q1
(µ1, ν1) = ϕ
∗
(µ,ν)(C2∩
J−1Q2(µ2, ν2)), we have that
C1(µ1,ν1) = pi(µ1,ν1)(C1 ∩ J
−1
Q1
(µ1, ν1))
= pi(µ1,ν1) · ϕ
∗
(µ,ν)(C2 ∩ J
−1
Q2
(µ2, ν2))
= ϕ∗(µ,ν)/H · pi(µ2,ν2)(C2 ∩ J
−1
Q2
(µ2, ν2))
= ϕ∗(µ,ν)/H(C2(µ2,ν2)).
Next, from (4.3) and (5.5), we know that for i = 1, 2,
X(T ∗Qi,H,ωQi ,Hi,Fi,ui)
= XHi + vlift(Fi) + vlift(ui),
X(Oi(µi,νi)×Vi×V
∗
i ,ω˜
−
Oi(µi,νi)
×Vi×V
∗
i
,hi(µi,νi),fi(µi,νi),ui(µi,νi))
= Xhi(µi,νi) + vlift(fi(µi,νi)) + vlift(ui(µi,νi)),
and from (5.6), we have that
X(Oi(µi,νi)×Vi×V
∗
i ,ω˜
−
Oi(µi,νi)
×Vi×V
∗
i
,hi(µi,νi),fi(µi,νi),ui(µi,νi))
· pi(µi,νi)
= Tpi(µi,νi) ·X(T ∗Qi,H,ωQi ,Hi,Fi,ui) · i(µi,νi).
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Since Hi, Fi and Ci, i = 1, 2, are all H-invariant, and for i = 1, 2,
hi(µi,νi) · pi(µi,νi) = Hi · i(µi,νi),
fi(µi,νi) · pi(µi,νi) = pi(µi,νi) · Fi · i(µi,νi),
ui(µi,νi) · pi(µi,νi) = pi(µi,νi) · ui · i(µi,νi).
From the following commutative Diagram-3,
TT ∗Q2
T i(µ2,ν2)←−−−−− TJ−1Q2(µ2, ν2)
Tpi(µ2,ν2)−−−−−−→ T (T ∗Q2)(µ2,ν2)
Tϕ∗
y Tϕ∗(µ,ν)
y Tϕ∗(µ,ν)/H
y
TT ∗Q1
T i(µ1,ν1)←−−−−− TJ−1Q1(µ1, ν1)
Tpi(µ1,ν1)−−−−−−→ T (T ∗Q1)(µ1,ν1)
Diagram-3
we have that
Tϕ∗(µ,ν)/HXh2(µ2,ν2) · pi(µ1,ν1) = Tpi(µ1,ν1) · Tϕ
∗XH2 · i(µ1,ν1),
vlift(ϕ∗(µ,ν)/H · f2(µ2,ν2) · ϕ(µ,ν)/H∗) · pi(µ1,ν1) = Tpi(µ1,ν1) · vlift(ϕ
∗F2ϕ∗) · i(µ1,ν1),
vlift(ϕ∗(µ,ν)/H · u2(µ2,ν2) · ϕ(µ,ν)/H∗) · pi(µ1,ν1) = Tpi(µ1,ν1) · vlift(ϕ
∗u2ϕ∗) · i(µ1,ν1),
where ϕ(µ,ν)/H∗ = (ϕ
−1)∗(µ,ν)/H : (T
∗Q1)(µ1,ν1) → (T
∗Q2)(µ2,ν2). From the magnetic controlled
Hamiltonian matching condition M-CH-3 we have that
Im[(Xh1(µ1,ν1) + vlift(f1(µ1,ν1))− Tϕ
∗
(µ,ν)/HXh2(µ2,ν2)
− vlift(ϕ∗(µ,ν)/H · f2(µ2,ν2) · ϕ(µ,ν)/H∗)] ⊂ vlift(C1(µ1,ν1)). (5.7)
So, from Definition 4.5 we get that
(O1(µ1,ν1) × V1 × V
∗
1 , ω˜
−
O1(µ1,ν1)×V1×V
∗
1
, h1(µ1 ,ν1), f1(µ1,ν1), C1(µ1,ν1))
M−CH
∼ (O2(µ2,ν2) × V2 × V
∗
2 , ω˜
−
O2(µ2,ν2)×V2×V
∗
2
, h2(µ2 ,ν2), f2(µ2,ν2), C2(µ2,ν2)).
Conversely, assume that the regular point reduced CMH systems (Oi(µi,νi) × Vi × V
∗
i ,
ω˜−Oi(µi,νi)×Vi×V
∗
i
, hi(µi,νi), fi(µi,νi), Ci(µi,νi)), i = 1, 2, are M-CH-equivalent. Then from Definition
4.5, we know that there exists a diffeomorphism ϕ∗(µ,ν)/H : (T
∗Q2)(µ2,ν2) → (T
∗Q1)(µ1,ν1), which is
symplectic with respect to reduced magnetic symplectic forms, and C1(µ1,ν1) = ϕ
∗
(µ,ν)/H(C2(µ2,ν2)),
(µi, νi) ∈ η
∗
i , i = 1, 2, and (5.7) holds. We can define a map ϕ
∗
(µ,ν) : J
−1
Q2
(µ2, ν2) → J
−1
Q1
(µ1, ν1)
such that pi(µ1,ν1) · ϕ
∗
(µ,ν) = ϕ
∗
(µ,ν)/H · pi(µ2,ν2), and the map ϕ
∗ : T ∗Q2 → T
∗Q1 such that
ϕ∗ · i(µ2,ν2) = i(µ1,ν1) · ϕ
∗
(µ,ν), see the commutative Diagram-1, as well as a diffeomorphism
ϕ : Q1 → Q2, whose cotangent lift is just ϕ
∗ : T ∗Q2 → T
∗Q1. From definition of ϕ
∗
(µ,ν), we know
that ϕ∗(µ,ν) is (G2(µ2,ν2), G1(µ1,ν1))-equivariant. In fact, for any zi ∈ J
−1
Qi
(µi, νi), (ui, αi) ∈ Gi(µi,νi),
i = 1, 2 such that z1 = ϕ
∗
(µ,ν)(z2), and [z1] = ϕ
∗
(µ,ν)/H[z2], then we have that
pi(µ1,ν1) · ϕ
∗
(µ,ν)(Φ2(u2,α2)(z2)) = pi(µ1,ν1) · ϕ
∗
(µ,ν)((u2, α2) · z2)
= ϕ∗(µ,ν)/H · pi(µ2,ν2)((u2, α2) · z2)
= ϕ∗(µ,ν)/H[z2] = [z1] = pi(µ1,ν1)((u1, α1) · z1)
= pi(µ1,ν1)(Φ1(u1,α1)(z1)) = pi(µ1,ν1) · Φ1(u1,α1) · ϕ
∗
(µ,ν)(z2).
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Since pi(µ1,ν1) is surjective, hence, ϕ
∗
(µ,ν) · Φ2(u2,α2) = Φ1(u1,α1) · ϕ
∗
(µ,ν). Moreover, we have
pi(µ1,ν1)(C1 ∩ J
−1
Q1
(µ1, ν1)) = C1(µ1,ν1)
= ϕ∗(µ,ν)/H(C2(µ2,ν2))
= ϕ∗(µ,ν)/H · pi2(µ2,ν2)(C2 ∩ J
−1
Q2
(µ2, ν2))
= pi(µ1,ν1) · ϕ
∗
(µ,ν)(C2 ∩ J
−1
Q2
(µ2, ν2)),
since Ci ∩ J
−1
Qi
(µi, νi) 6= ∅, i = 1, 2 and pi(µ1,ν1) is surjective, then we get that C1 ∩ J
−1
Q1
(µ1, ν1) =
ϕ∗(µ,ν)(C2∩J
−1
Q2
(µ2, ν2)). We shall show that ϕ
∗ is symplectic with respect to magnetic symplectic
forms. Because ϕ∗(µ,ν)/H : (T
∗Q2)(µ2,ν2) → (T
∗Q1)(µ1,ν1) is symplectic with respect to reduced
magnetic symplectic forms, the map (ϕ∗(µ,ν)/H)
∗ : Ω2((T ∗Q1)(µ1,ν1))→ Ω
2((T ∗Q2)(µ2,ν2)) satisfies
(ϕ∗(µ,ν)/H)
∗ω1(µ1,ν1) = ω2(µ2,ν2). By (5.3), we have that i
∗
(µi,νi)
ωQi = pi
∗
(µi,νi)
ωi(µi,νi), i = 1, 2, and
from the commutative Diagram-2, we have that
i∗(µ2,ν2)ωQ2 = pi
∗
(µ2,ν2)
ω2(µ2,ν2) = pi
∗
(µ2,ν2)
· (ϕ∗(µ,ν)/H)
∗ω1(µ1,ν1)
= (ϕ∗(µ,ν)/H · pi(µ2,ν2))
∗ω1(µ1,ν1) = (pi(µ1,ν1) · ϕ
∗
(µ,ν))
∗ω1(µ1,ν1)
= (i−1
(µ1,ν1)
· ϕ∗ · i(µ2,ν2))
∗ · pi∗(µ1,ν1)ω1(µ1,ν1)
= i∗(µ2,ν2) · (ϕ
∗)∗ · (i−1(µ1,ν1))
∗ · i∗(µ1,ν1)ωQ1 = i
∗
(µ2,ν2)
· (ϕ∗)∗ωQ1 .
Notice that i∗(µ2,ν2) is injective, thus, ωQ2 = (ϕ
∗)∗ωQ1 . Since the vector field X(T ∗Qi,H,ωQi ,Hi,Fi,ui)
and X(Oi(µi,νi)×Vi×V
∗
i ,ω˜
−
Oi(µi,νi)
×Vi×V
∗
i
,hi(µi,νi),fi(µi,νi),ui(µi,νi))
is pi(µi,νi)-related, i = 1, 2, and Hi, Fi
and Ci, i = 1, 2, are all H-invariant, in the same way, from (5.7), we have that
Im[XH1 + vlift(F1)− Tϕ
∗XH2 − vlift(ϕ
∗F2ϕ∗)] ⊂ vlift(C1),
that is, the magnetic reducible controlled Hamiltonian matching condition MR-CH-3 holds.
Thus, from Definition 5.3 we get that
(T ∗Q1,H, ωQ1 ,H1, F1, C1)
MRCH
∼ (T ∗Q2,H, ωQ2 ,H2, F2, C2). 
6 Application: The Heisenberg Particle in a Magnetic Field
In this section, we consider the motion of a particle of mass m and charge e moving in the
Heisenberg group H under the influence of a given magnetic field B, where B is a closed two-
form on H. The phase space of motion of the particle is the cotangent bundle T ∗H, which is
trivialized locally as H× η∗ with the cotangent coordinates (qi, pi), i = 1, 2, 3. The expressions
of canonical symplectic form ω0, the closed two-form B and the magnetic symplectic form ωB
on T ∗H are given by
ω0 =
3∑
i=1
dqi ∧ dpi, B =
3∑
i,j=1
Bijdq
i ∧ dqj, dB = 0,
ωB = ω0 − pi
∗B =
3∑
i=1
dqi ∧ dpi −
3∑
i,j=1
Bijdq
i ∧ dqj.
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Here q = (q1, q2, q3) ∈ H is the position of the particle in H, and p = (p1, p2, p3) ∈ η
∗ is the
momentum of the particle. Assume that there is a left-invariant metric <,>H on the Heisenberg
group H. The Hamiltonian H : T ∗H → R is given by the kinetic energy of the particle, that is,
H(q, p) =
1
2m
< p, p >H .
Note that the Hamiltonian does not dependent on the variable q and hence ∂H
∂qi
= 0, i = 1, 2, 3.
From the magnetic Hamilton’s equation iXHωB = dH, we can get the Hamiltonian vector field
as follows
XH =
3∑
i=1
∂H
∂pi
∂
∂qi
+
2e
c
3∑
i,j=1
Bij
∂H
∂pj
∂
∂pi
,
where c is the speed of light, and hence we obtain the equation of motion for the Heisenberg
particle.
Moreover, we consider the magnetic potential A : H → η∗, which is an one-form on the
Heisenberg group H and B = dA. Then the fiber translation map tA : T
∗H → T ∗H, (q, p) →
(q, p + ecA) can pull back the canonical symplectic form ω0 of T
∗H to the magnetic symplectic
form ωB, that is, t
∗
Aω0 = ω0 − pi
∗dA = ω0 − pi
∗B = ωB, where pi : T
∗H → H is the natural
projection. The modified Hamiltonian HA : T
∗H → R is given by
HA(q, p −
e
c
A) =
1
2m
< p−
e
c
A, p−
e
c
A >H .
From the canonical Hamilton’s equation iXHAω0 = dHA, we can get the same Hamiltonian
vector field, that is, XHA = XH . In fact, from Marsden and Ratiu [10] we know why this is a
general phenomenon by using the momentum shifting lemma.
On the other hand, we can also consider the magnetic term from the viewpoint of Kaluza-
Klein construction. Assume that there is a Riemannian metric <,>Q on manifold Q = H× S
1,
which is obtained by keeping the left-invariant metric <,>H on H and the standard metric on
S1 and declaring H and S1 orthogonal. The metric is called the Kaluza-Klein metric on Q.
Note that the reduced Hamiltonian system is not the geodesic flow of the left-invariant metric
<,>H, because of the presence of the magnetic term. However, the equation of motion of the
Heisenberg particle in the magnetic field can be obtained by Legendre transformation and the
reducing the geodesic flow of the Kaluza-Klein metric on Q = H×S1. In the following we shall
state how the magnetic term in the magnetic symplectic form ωB = ω0 − pi
∗B is obtained by
reduction from the Kaluza-Klein construction.
Assume that Q = H × S1 with Lie group G = S1 acting on Q, which only acts on the
second factor. Since the infinitesimal generator of this action defined by ξ ∈ g ∼= R = Lie(S1)
has the expression ξQ(q, θ) = (q, θ, 0, ξ), by using the left local trivialization of T
∗Q, that is,
T ∗Q ∼= H× S1 × η∗ ×R (locally), the momentum map JQ : T
∗Q ∼= H×S1 × η∗ ×R→ g∗(∼= R)
is given locally by JQ(q, θ, p, λ)ξ = (p, λ) · (0, ξ) = λξ, that is, JQ(q, θ, p, λ) = λ. In this case,
the coadjoint action is trivial. For any µ ∈ g∗(∼= R), we have that the isotropy group Gµ = S
1,
and its Lie algebra gµ = R, and the one-form on Q, αµ = λ(Aq1dq1 + Aq2dq2 + Aq3dq3 + dθ),
where dθ denotes the length one 1-form on S1. Note that αµ is S
1-invariant and its values
are in J−1Q (µ) = {(q, θ, p, λ) ∈ T
∗Q | q ∈ H, θ ∈ S1, p ∈ η∗, λ ∈ R}, and the exterior dif-
ferential of αµ equals βµ = dαµ = µdA = µB. Thus, the closed 2-form βµ on the base Qµ =
20
Q/Gµ = (H × S
1)/S1 = H, equals µB and hence the magnetic term, that is, the closed 2-form
Bµ = pi
∗
Qµ
βµ, is also µB, since the map piQµ : T
∗Qµ = H × η
∗ → Qµ = H is the canonical pro-
jection. Therefore, from the cotangent bundle reduction theorem—embedding version, we know
that the reduced space ((T ∗Q)µ, ωµ) is symplectically diffeomorphic to (T
∗H, ωB = ω0 − µB),
which coincides with the phase space of Hamiltonian formulation of the Heisenberg particle in
a magnetic field B. If we take that µ = e/c, then the magnetic term in the magnetic symplectic
form ωB is the magnetic field B up to a factor.
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